MATH 127 - Midterm Exam I - Review
Fall 2021 - Sections 12.1-12.7, 14.1-14.7

Midterm Exam 1: Wednesday 9/29, 5:50-7:50 pm

The following is a list of important concepts will be tested on Midterm Exam 1. This is not a complete list
of the material that you should know for the course, but the review provides a summary of concepts and
the problems are a good indication of what will be emphasized on the free response portion of the exam.
A thorough understanding of all of the following concepts will help you perform well on the exam. Some
places to find problems on these topics are the following: in the book, in the slides, in the homework, on
quizzes, and Achieve.

Vector Geometry and Quadric Surfaces: (sections 12.1 - 12.6)

A vector 7 can be described using component notation (a, b, ¢) or standard basis notation ai + bj'+ ck.
A vector has a magnitude, its length, |7| = Va? + b2 + 2.

Suppose that @ = (a1, as, as) and b= (b1, bo,b3); let ¢ be a scalar.

(i) Scalar Multiplication: A scalar multiplied with a vector resulting in a vector. Scalar multiplica-
tion changes the magnitude of a vector, not it’s direction. cd = (cay, cas, cas)

(ii) Vector Addition: Two vectors are added to create a vector. Visually, vectors are added through
the Parallelogram or Triangle Law. @ + b = (aj + by, as + ba, ag + bs3)

(iii) Dot Product: Two vectors are multiplied to create a scalar. Work is an example of the dot
product. If 6 is the angle between @ and b, then

a-b= |d| ‘5‘ cos(#) = a1by + azbs + agbs

(iv) Cross Product: Two vectors are multiplied to create a vector. a x b is orthogonal to both @ and b.

= ad — bc,

Torque is an example of the cross product. The determinant of a 2 X 2 matrix is

)

b
d

this observation is used in computing the cross product
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axb=|a ay ag|=
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Important Identities:

(i)

(ii) v L @ if and only if v- & = 0. (iv) U x ¥ = —0 x .

2

<y

U = U] (iii) Parallelogram formed by «, ¢ has area |u x v].



Lines Planes

Given a point P(zg, Yo, z0) on the line and a Given a point P(zg, Yo, 2z0) on the plane and a
directional vector ¥ = (a, b, ¢): normal vector 7 = (a, b, c):
Vector Equation Scalar Equation
7(t) = (xo, Yo, 20) + t {a, b, c) a(x —xo) + b(y — yo) + c(z —20) =0

Two lines are either parallel (parallel direction Two planes are parallel (parallel normal vectors)
vectors), intersecting, or skew. or intersect along a line.

Quadric Surfaces:

Ellipsoid Elliptic Paraboloid Hyperbolic Paraboloid

() (0 (- )

Hyperboloid of 1-Sheet

(2 G- =

Hyperboloid of 2-Sheets

DRIOEEE




Cylindrical and Spherical Coordinates:

Cylindrical Coordinates:

z To convert from cylindrical coordinates to
Cartesian coordinates:

r=rcos(f) y=rsinl) z==z

To convert from Cartesian coordinates to
cylindrical coordinates:

r? =%+ y2 tan(f) =

SHES

Spherical Coordinates:

Conversion from spherical to Cartesian:

x = psin(¢) cos(6) y = psin(¢)sin(6) z = pcos(o) (2,9, 2) = (p,0,9)

Conversion from Cartesian to spherical:

Y
p=/x?+y?+ 22 tan(f) = = cos(¢p) =
v 0) =" e



Exercises:
1. Find the angle between the side of a square pyramid and a diagonal on the base.

-
=¥
-
e

Using the definition of the dot product:

6 = arccos @ = arccos ( b2 ) = arccos (L)
B ‘ @‘ ‘ ,TC’ a VOB + hZ V212 ) VIR +2n%)

2. If 4] = 2, |U] = 3, and the angle between the vectors is 30°, then find (@ + ¥) - (@ — 7).

2 S o5
Y=y 7

81

and

Recall that @ - ¥ = |Z

Using distribution of the dot product:

+ OG-0 T—0-v=a] -0 =22-3%=-5

]

(@+ ) (il — ) =i -

3. Find two unit vectors orthogonal to both @ = (3,1,1) and b= (—1,2,1).

— —

. n —-n — -7
The two unity vectors are — and H where 7 = a x b.

7] n
i J ok
A= 3 1 1]|=(-1,-4,7)
-1 21




-1 -4 7 1 4 =7
Since 17 = 1/66, the vectors are < , ; > and < , , >
V66" /66 /66 V66 /66 /66

4. Identify and sketch the graph of each surface:

(A) y* +22=1+2? (C) 4z +4y* — 8y + 22 =0
: 2
Hlyperbolmd' of }—Sheeﬁ, Cenpered at 22+ (y—1)2 _,_% =1 Ellipsoid, centered
(1,0,0) opening along the z-axis. at (0,1,0).
(B) —a?+y?— 42 =4 (D) z=y*+2° -2y —42+5
r = (y — 1) + (z — 2)? Elliptic

Hyperboloid of 2-Sheets, with vertices

Paraboloid tered at (0,1, 2 i
at (0,42,0) opening along the y-axis. araboloid, centered at (0, 1,2) opening

positively on z-axis.




5. Match the following equations with the graphs:

(A) 22+49°+922=1 (C) 22 —y*+22=1 (E) y =222+ 2* (G) 22 +222=1
(B) 922 +y*+22=1 (D) —2?+y*—22=1 (F) y* = 2% +22* (H) y = 2% — 22

VII VIII

6. Describe the three dimensional object defined by each equation in spherical coordinates.

(A) p=R (C) ¢ = /2 (E)qb:(]forC’;«éO,g,ﬂ
(B) 6 =0 (D) p=r

(A) The equation p = R defines a sphere of radius R.
B) Points with ¢ = 0 are on the positive z-axis.

C) Points with ¢ = 7/2 are on the zy-plane (i.e., z = 0).

(
(
(
(E

)
)

D) Points with ¢ = 7 are on the negative z-axis.
)

For other values of C, the equation ¢ = C defines a nappe of a cone.




Multivariable Functions: (sections 14.1 - 14.5)

2-variable functions z = f(z,y) have domain in R? and range inR. The graph of f is a surface S in R3,
a 2-dimensional object in space. The graph of S can be approximated with curves in two ways:

(i) Horizontal and Vertical Traces:
A curve obtained by intersecting the graph with a plane parallel to the major planes.

— The trace of x = a results in z = f(a,y). N
— The trace of y = b results in z = f(z,b).

— The trace of z = ¢ results in ¢ = f(z,y).

(ii) Level Curves and Contour Maps:

A level curve is a curve f(z,y) = c in R?, where
c is a constant. A contour map is a collection of
level curves of various constants.

Limits in 2-Variables:

lim )f(m, y) = L if and only if Pr% f(xz(t),y(t)) = L along any curve
—

(z.y)—(ab - _,
7(t) = (x(t),y(t)) where 7(0) = (a, b).
y
e Show a limit does not exist by exhibiting two
paths with different limits. / —\
b
e Show a limit exists by using substitution (con- // ,\
tinuous values only), using the Squeeze Theo- /0 a X

rem, or using Polar Coordinates.

Partial Derivatives and Tangent Planes:

0
The rate of change in the x-direction is the partial derivative f, = E)_f The rate of change in the
x
of 0 f

-direction is th tial derivati = —. Note that f,, = ——.
y-direction is the partial derivative f, 3y ote that f, 5oz

Slope f, (a, b)

Slopefy(a, b)




To compute the partial derivative with respect to = treat the y-variable as a constant and apply the
ordinary rules for differentiation. Compute the partial derivative with respect to y in an analogous way.

Partial differentiation is not implicit differentiation.

z The tangent plane to the surface S, defined by
Tangent plane at P z = f(x,y), at P(a,b) contains the tangent line of
ay any curve on S which passes through P.

z = fo(a,b)(x —a) + fy(@ab)(y —b) + f(a,b)

f is differentiable at P if it is locally linear at P.

If f.(a,b) and f,(a,b) are continuous, then f is dif-
ferentiable at (a,b).

If f is differentiable at (a,b), then the tangent plane to f at (a,b) approximates values of f for points

near (a,b).

P >
If f(z1,29,...,2,) is differentiable (aj, as,. .., a,), then the total differential df approximates changes in
f over small changes in the domain away from (ay, as,. .., a,).

df = fo,(a1,...,a,) Az + fo, (a1, ... a,) Az + ...+ fo (a1,...,a,)Ax,

If f is a differentiable function, then f has a directional derivative in the direction of any unit vector
i = {(a,b) and
Daf(z,y) = folz,y)a+ fy(z, )b =V f(z,y)-d

Basic geometric properties of the gradient vector:

(i) Vf(a,b) points in the direction of maximum rate of increase of f at (a,b). The maximum rate of
increase is |V f(a, b)|.

(i) =V f(a,b) points in the direction of maximum rate of decrease of f at (a,b). The maximum rate
of decrease is —‘Vf(a, b)’

(iii) Vf(a,b) is orthogonal to the level curve through (a,b).
(iv) Vf(a,b,c) is orthogonal to the level surface through (a,b,c).

(v) The equation of the tangent plane to the level surface F(z,y, z) = k at (a, b, ¢) has a normal vector

Vf(a,b,c).



Exercises:

1. Evaluate the following limits:

222 + 3y + 4y?

A li
( )(zyﬁg%p) 322 + By?
202 2 492 4
Path y =0: lim a_s Path x =0: lim oz
(2,00—(0,0) 322 3 0y)—(00) 5y? 5

The limit does not exist.

42y

B -7
<)u5%mﬂ+ﬁ

Solution 1:
Using polar coordinates:

42 472 cos?(6)r sin (0
lim  — Y = i (6)r sin(6) = lim 4rcos*(A)sin(d) =0
(z,y)—(0,0) T2 + Y2  ro0t r2 r—0+
Solutions 2:
42* 1 1
Ogﬁgllysinceog—g—
2 + y2 T2 + y2 T2
4y
Since  lim 4y =0, by the Squeeze Theorem lim ——— =
(z,y)—(0,0) (z,y)—(0,0) T= + Y
34 .3
(€) 1m SV
(z,9)—(0,0) T2 + Y
Using polar coordinates:
348 3 (cos®(#) + sin®(0
im Y g (cos*(6) ©) = lim r (cos’(f) + sin®(6)) = 0
(z,y)—(0,0) 2+ y>  ro0t r? r—0+

D) 1 o I
(>wﬁ%mﬁ+%2




21?2

2

. . Yy
Path y = 0: l — =2 Path z = 0: | - = —
athy (w,O)l—r{z0,0) 2 ath v (o,y)lgzo,m 292 2
The limit does not exist.
4
(E) lim —2—
(@y)—(0,0) 2 + y®
0 8
~ =0

Path y = 0: li
athy (av,O)l—IQO,O) 2

The limit does not exist.

Path v =y* i i

m =
W) =00 Y8 +y8 2

1

(F) lm —Y
(2.9)—(0,0) T2 + 27y + 12

0
Path z = 0: lim —2:0
(0,y)—(0,0) Y

Path y = ma:

im 2 2 2,2
(z,mz)—(0,0) T + MIT* + M2

The limit does not exist.

m2

1+m+ m?

2. Match the surface and contour map:

“"“‘ I,X\\ MR
A\ /I/;/,\\\\\\\\\‘,I’\\\\\\\ N

\\ )
WA

VANANANA L

3. Compute

10

.

o
xexe




0?h o (0 5 3 9, 3z? —9z%y?
=—( =@+ | = — | = ——T
Oyoxr Oy \ Ox oy \ 23+ 3 (23 + y3)?

4. A one-meter long bar is heated unevenly, with the temperature in °C' at a distance x from one end

at time ¢ given by
H(z,t) = 100e " sin(rr) 0<z <1

(A) Calculate H,(0.2,t) and H,(0.8,¢). What is the practical interpretation (in terms of temper-
ature) of these two partial derivatives? Explain why each one has the sign that it does.

(B) Calculate Hy(x,t). What is its sign? What is its interpretation in terms of temperature?

HI(~T7 t) — 1007-‘-6*0.1)& COS(T(:C) Ht(x7 t) — _106*0.1t Sln(ﬂ'l’)
(A) H,(0.2,t) =~ 2547 % and H,(0.8,t) ~ —254¢ 01,

0.2 meters from the bottom of the bar at time ¢, the instantaneous change in temperature as
we move up the bar decreases by approximately 254~ degrees per meter moved.

0.8 meters from the bottom of the bar at time ¢, the instantaneous change in temperature as
we move up the bar increases by approximately 254e~%!* degrees per meter moved.

A possible scenario is the center of the bar was heated and the ends at + = 0 and = = 1 are
cold.

B) H;(x,t) is negative. As time passes, the bar cools.
g

5. Is there a function f which has the following partial derivatives? If so, what is it? Are there any
others?

fo(z,y) = 42°y* — 3y* fy(x,y) = 22ty — 12233

fuy(z,y) = 82y — 12¢° fye(,y) = 82y — 12¢°

Since f, and f, are continuous everywhere, Clairaut’s Theorem indicates that f,, = f,. every-
where; such a function f might exist.

The function could be f(x,y) = z*y* — 3zy* + C where C' is a constant.

6. If |a| is much greater than |b|, |c|,|d|, to which of a,b,c,d is the value of the determinant most

sensitive? Justify your answer.
a b
c d

fla,b,c,d) =

11



f(CL, bv c, d) =ad — be Vf(a, ba Cy d) = <d7 —C _b7 CL>
Using the Total Differential, df = dAa — c¢Ab — bAc + aAd.

Since |a| is much greater than |b], |c|,|d|, the error in calculating the determinant, df, will be
most sensitive to errors in measuring d.

7. Four positive numbers, each less than 50, are rounded to the second decimal place and than multi-
plied together. Use differentials to estimate the maximum possible errors in the computed product
that might result from the rounding.

P(x1, 29, 23, 74) = 21297374 VP(x1, 72,23, 74) = (T2T374, T173T4, T1T2Ty, T1ToT3)
Using the Total Differential, dP = xowsrsAxy + v120304A%0 + x10204Ax3 + T12203A74.
Since x; < 50 and |Az;| < 0.01, the error in calculating the product is smaller than

|dP| < (50)%(0.01) + (50)*(0.01) + (50)*(0.01) + (50)*(0.01) = 5000

8. Verify that f(x,y) = \/y + cos?(z) is differentiable at (0,0) and then show that

Y+ cos?(x) =~ 1+ 0.5y

B ) — — cos(x) sin(x) ou) = 1
f(0,0) =1 fac( 73/) y—l—COS2<$) fy( ’y) 92 y—l—COS2(CC)

1
Since f,(0,0) = 0 and f,(0,0) = 5 and both f, and f, are elementary, they are continuous at
(0,0). Since f, and f, are continuous at (0,0), f is differentiable at (0,0).

Since f is differentiable at (0,0), f can be approximated by its’ tangent plane at (0,0) for (x,y)
near (0,0).
f(x,y) = Loy(z,y) =1+0(x —0)+0.5(y —0) = 14 0.5y

9.02
9. Use a linear approximation to estimate —————
PP V2.01- 1.99

Let f(z,y,2) = \/Iy_z
oL - = 5%
folz,y,2) = N fy(z.y, 2) 2(yz)3/2 f-(z,y,2) 2(y2)3/2




Since f,, f,, and f, are continuous at (9,2,2), f is differentiable at (9,2, 2).

9 1 -9 -9
2.2) = — 2.2) = — 2,2) = — 2.2) = —
f(97 ) ) 2 fx(97 b) ) 2 fy(g’ b ) 8 fz(97 b) ) 8
9 1 9 9
Lig22)(z,y,2) = 5t §($ -9) - g(y -2)— g(z —2)
Since f is differentiable at (9, 2,2),
9.02 9 1 9 9
B 9.02,2.01,1.99) = - + =(0.02) — =(0.01) — =(—0.01) = 4.51
oot 195 " Leaal ) =5 +5(0:02) = 5(0.01) = =( )

10. Calculate the directional derivative of f(x,y, z) = 3e” cos(yz) in the direction (2,1, —2).

Folw,y,2) =3e"cos(yz)  fy(w,y,2) = =3z sin(yz) f.(.y.2) = —3ye” sin(y2)

21 =2
The direction is 4 = <§, 3’ > Since f is differentiable everywhere,

Di(z,y,2) =V f(z,y,2) -4 =e"(2cos(yz) — zsin(yz) + 2ysin(yz))

11. A bug located at (3,9,4) begins traveling in a straight line towards (5,7,3). The temperature is
T(x,y,z) =xe!™?
where z,y, z are in meters and 7" is in °C'.

(A) At what rate is the bug’s temperature changing?

To(z,y,2z) =e""" Ty(z,y,2z) =xe’? T.(x,y,2z) = —xe’*
2 -2 —1

The bug travels in the direction of @ = <§, 33

>. Since T is differentiable,

2 -2 -1\ —¢°C
Daf(3,9,4) = VT(3,9,4) - ii = (¢®,3¢%, —3¢) - < > e

3333/ 3 m

(B) At (5,7,3), in what direction is the temperature increasing the fastest? What is this maximum
rate of change?

13



5,7,3
The temperature is increasing fastest in the direction W at arate of |[VT(5,7,3)].
VT (5,7,3) = (! 5et, —5et) IVT(5,7,3)] = V51et
VT(5,7,3) _< 1 5 —5>
IVT(5,7.3)]  \ V51 /51" /51

(C) At (5,7,3), in what direction is the temperature decreasing the fastest? What is this maximum
rate of change?

VT
The temperature is decreasing fastest in the direction % at a rate of
—|VT(5,7,3)|.
—-VT1(5,7,3) -1 -5 5
—|VT(5,7,3)| = —V51¢* = —< = >
VI ) VT (5,7,3)] Vb1l /51 /51

14



Chain Rule and Optimization: (sections 146,147, 14.8)

Chain Rule: Partial derivatives through composition of multiple variable functions.

Suppose that z = f(z,y), v = g(s,t), and y = z(z,y)
h(s,t) are differential functions. Then z can be
viewed as a function of s and t which is differen-
tiable where

x(s,t) y(s,1)
0z 0z Odr 0z Oy 0z 0z dr 0z 0y
=t and =t
ds Oxr 0s 0Oy 0s ot Ox Ot 0Oy ot
S t S t
In general, if f (131, ..., T,) is a function of n-variables which can be shown to depend upon m-independent
variables {t1,...,t,} through k-composition connections, then

e f has m-partial derivatives,
e Each partial derivative is a sum with n terms,
e Each term of the sum is a product of (k + 1) terms.
Implicit Differentiation: If z = z(z,y) is defined implicitly by F(z,y, z) = 0, by the Chain Rule

% o —Fx(m,y,Z) and %_ —Fy(x,y,z)
or F.(z,y,z) oy F.(z,y,z)

Crritical points of f are the points in the domain where Vf = 0. Fermat’s Theorem states that the
critical points of f are the only potential local extrema of f.

Optimization - Local Extrema: Critical points of f are the points in the domain where Vf = 0.
Fermat’s Theorem states that the critical points of f are the only potential local extrema of f.

Discriminant: D(a,b) = meEZ’Z; j}yEZ’Z; = fue(a,0) fyy(a,b) — fuy(a,b)?

Second Derivative Test: If (a,b) is a critical point of f and the second-order partial derivatives of f are
continuous near (a,b), then

(I) If D(a,b) > 0 and f,.(a,b) > 0, then (a,b) is a local minimum of f.
(IT) If D(a,b) > 0 and f..(a,b) <0, then (a,b) is a local maximum of f.
(III) If D(a,b) < 0, then (a,b) is a saddle point.

Lagrange Multipliers: If f and g are differentiable functions and f has a local extrema on the constraint
curve g(x,y) = k at (a,b), where Vg(a,b) # 0, then there exists a scalar A such that V f(a,b) = AVg(a,b).

Optimization - Absolute Extrema: The Eztreme Value Theorem guarantees that functions which
are continuous on a closed and bounded set D attain an absolute maximum and minimum value in D.

Absolute extrema of a continuous function on a closed and bounded set are located using the Closed
Interval Method.

I The Lagrange Multipliers are not included in Exam 1.

15



(I) Find all critical points in D and their values.
(IT) Find the values of the absolute extrema of f on the boundary of D using either

(a) substitution and the closed interval method from MATH 125,
or (b) Lagrange Multipliers.

(III) The largest values from (1) and (/1) are the absolute maximum values and the smallest values are
the absolute minimum values.

Exercises:
0z 0z 0z
1. Find — 9 90 9w when (u,v,w) = (2,1,0).

z=a+ay’ r=w? +w? Yy =u+ ve"

When (u,v,w) = (2,1,0), (z,y) = (2,3). Using the Chain Rule,

0z  0z0r 0z0y , -
Bu = dwou T ayau — V) )+ B)D) =58
0z 0z0x 0z0y

2 wy\
50 = dea T apae — (2ot y’) Cuo) + By (e) =151

0z 0z0vx Oz 8y

2 N/ wy
ow  Orow oy 3y3w (2:L‘—|—y ) (3w?) + (3y") (ve®) = 54

2. Consider the implicit surface:
ryz = cos(x +y + 2)

(A) Calculate % and g—;

(B) Find the equation of tangent plane at (7—2r, 0, O).

(A) Let F(z,y,2) = xyz — cos(z +y + z). z is implicitly defined by F(z,y,z) = 0.
Using the Chain Rule,

dz  —F, —(yz+sin(z+y+2)) 0z —F, —(zz+sin(z+y+2))

or  F, xy + sin(z +y + 2) oy F. xy + sin(z +y + z)

(B) Method 1: (Using the partials)

Use the formula: z = c+ %(a, bc)(x —a)+ —
x

, 0z . 0z . T
ThatIS,Z:%(a,O,O)(:L‘—i)—l—%(E,O,O)(y); Z=—<x—§>—y

16



Method 2: (Using the gradient )
VF(z,y,2) = (yz +sin(z +y + 2), 22 +sin(z +y + 2), 2y +sin(z + y + 2))
VF(3,0,0) =(1,1,1) An equation of the planeis: (1,1, 1)-(z — %, y, 2) =0

So the equation is x—g—i—y—i-z:o

3. For the following functions, find the critical points and classify them using the second derivative
test:

(A) flz,y) =22y — 2> — 2% + 30 + 4 (B) g(z,y) = ex* P —ir

(A) The critical points of f satisfy the equation V f(z,y) = 0.
R 3
Vi) = Q20432 —dy) =0 = (r0) = (3. —)

D(@,y) = faa(®,9) fuu(2.y) = foy(2,9)* = (=2)(—4) = (2)* =4

By the Second Derivative Test, (3,
3 3

D -] =4 v | 3= | = =2
(>2) far(33)

(B) The critical points of g satisfy the equation Vg(z,y) = 0.

NNV

> is a local maximum of f since

Vy(z,y) = <(293 R 2ye’”2+y2““> =0 = (z,y) = (2,0)

2
D = (-3 1) (0 7 54) (st )
By the Second Derivative Test, (2,0) is a local minimum of ¢ since

D(2,0) = 4e”® Gez(2,0) = 2e7*
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